In this paper we prove that the Kähler-Einstein metrics for a toroidal canonical degeneration family of Kähler manifolds with ample canonical bundles Gromov-Hausdorff converge to the complete Kähler-Einstein metric on the smooth part of the central fiber when the base locus of the degeneration family is empty. We also prove the incompleteness of the Weil-Peterson metric in this case.
Introduction
This paper is a sequel of [8] . In algebraic geometry, when discussing the compactification of the moduli space of complex manifold X with ample canonical bundle K X , it is necessary to consider holomorphic degeneration family π : X → B, where X t = π −1 (t) are smooth for t = 0, X and X 0 are QGorenstein, such that the canonical bundle of X t for t = 0 and the dualizing sheaf of X 0 are ample. We will call such degeneration canonical degeneration. We are interested in studying the degeneration behavior of the family of Kähler-Einstein metrics g t on X t when t approaches 0. Following his seminal proof of Calabi conjecture ( [13] ), Yau ([11] ) initiated the program of studying the application of Kähler-Einstein metrics to algebraic geometry with the belief that the behavior of Kähler-Einstein metrics should reflect the topological, geometric and algebraic structure of the underlying complex algebraic manifolds. According to this philosophy, one would expect the metric degeneration of the Kähler-Einstein manifolds to be closely related to the algebraic degeneration of the underlying algebraic manifolds. In [9] , Tian made the first important contribution along this direction. He proved that the Kähler-Einstein metrics on 0 Partially supported by NSF Grant DMS-0104150.
X t converge to the complete Cheng-Yau Kähler-Einstein metric on the smooth part of X 0 in the sense of Cheeger-Gromov, when X is smooth and the central fibre X 0 is the union of smooth normal crossing divisors D 1 , · · · , D L , with a technical restriction that no three divisors have common intersection. Following the general framework in Tian's paper ( [9] ), [4] and later [8] studied the general normal crossing case and removed the technical restriction in [9] .
In this paper, we generalize the result in [8] to the case when the central fibre X 0 is a union of toroidal orbifolds that results from the so-called toroidal canonical degeneration of smooth X t (see section 2 for definitions). The total space X for this kind of degeneration will be toroidal and generally not smooth. Please note that a toroidal canonical degeneration, where X 0 is not normal crossing in X , can not be reduced to a normal crossing canonical degeneration. The normal crossing case is a very special case of toroidal canonical degeneration. For algebraic curve, a toroidal canonical degeneration is equivalent to Deligne-Mumford stable degeneration into stable curves.
In this paper, we always require an algebraic variety X to possess a (settheoretical) canonical (Whitney) stratification X = p∈Σ D p by smooth algebraic strata. By "canonical" we mean that any other (Whitney) stratification X = The degeneration family is called base point free if each smooth strata of X 0 is inside a smooth strata of X . The smoothness condition of X when X 0 is normal crossing is equivalent to requiring the degeneration family to be base point free. In some sense, toroidal canonical degenerations that we consider in this paper are generic base point free canonical degenerations. (Toroidal canonical degenerations and related concepts and constructions are discussed in section 2.) Our first main theorem (proved in section 5) is the following. To prove this theorem, we follow the three steps outlined in [8] . The first step is to construct certain smooth family of background Kähler metricsĝ t on X t and their Kähler potential volume formsV t . The second step is to construct a smooth family of approximate Kähler metrics g t with Kähler form ω t = i 2π ∂∂ log V t , where V t = hV t (h is a function on X ) satisfies certain uniform estimate independent of t. The third step is to use Monge-Ampère estimate of Aubin ([1] ) and Yau ([13] ) to derive uniform estimate (independent of t) for the smooth family of Kähler-Einstein metrics g E,t , starting with the smooth family of approximate Kähler metric g t , which is enough to ensure the Gromov-Hausdorff convergence of the family to the unique complete Kähler-Einstein metric
on the smooth part of X 0 . The first and the third steps are carried out in the very brief sections 3 and 5 and are virtually the same as in the normal crossing case [8] . The second step, carried out in section 4, is more involved than the simple global construction in [8] .
The following similar but much more non-trivial (comparing to [8] ) estimate of the Weil-Peterson metric near the degeneration, which implies the incompleteness of the Weil-Peterson metric, is worked out in section 6.
Theorem 1.2 The restriction of the Weil-Peterson metric on the moduli space of complex structures to the toroidal canonical degeneration π : X → B is
bounded from above by a constant multiple of dt ∧ dt | log |t|| 3 |t| 2 . In particular, WeilPeterson metric is incomplete at t = 0.
Note on notation:
We say A ∼ B if there exist constants
Toroidal canonical degeneration
In this section we introduce the concepts of toric degeneration and toroidal degeneration, and discuss the details of relevant stratification structures and the construction of compatible partition functions that we need for the construction of approximate metrics in section 4.
Toric degenerations
(Unless specified otherwise, the notations in this subsection will not be carried over to other parts of this paper.) Let us first introduce the basic notions in toric geometry. An (n+1)-dimensional affine toric variety A σ0 is determined by a strongly convex (n + 1)-dimensional integral polyhedral cone σ 0 in a rank n + 1 latticeM . Let σ 0 (k) denote the set of k-dimensional subfaces of σ 0 . Then σ 0 (n) corresponds to toric Weil divisors {D i } i∈σ0(n) in A σ0 , and σ 0 (1) corresponds to toric Cartier divisors {(f i )} i∈σ0 (1) in A σ0 . For i ∈ σ 0 (1),
where a ij is the natural pairing of the primitive elements in i ∈ σ 0 (1) and
A toric map π : X → B ∼ = C is called a toric degeneration, if X = A σ0 is an affine toric variety such that X \ X 0 is the big open torus. Consequently X t for t = 0 are codimension one subtori in X \ X 0 . A toric degeneration is determined by a strongly convex integral polyhedral cone σ 0 ⊂M with a marked primitive element t in the interior of the cone σ 0 . Under such notation, the central fibre is
Let M =M /Z{t}. Since t is in the interior of σ 0 , the projection of σ 0 to M determine a complete fan Σ on M . SplittingsM ∼ = M × Z{t} can be parametrized (non-canonically) by Z-valued linear functions on M . Each such splitting realizes σ 0 as a Q-valued function w σ0 on the lattice M . In such a way, σ 0 can be understood as an equivalence class [w σ0 ] (modulo Z-valued linear functions) of convex piecewise linear Q-valued functions on the lattice M that are compatible with a complete fan Σ in M . Let Σ(k) denote the set of k-dimensional cones in Σ. Naturally Σ(k) ∼ = σ 0 (k) for 1 ≤ k ≤ n. We will useσ ∈ σ 0 (k) to denote the cone corresponding to σ ∈ Σ(k).
For each σ ∈ Σ, there is an affine variety A σ = Spec(C[σ]). For σ, σ ′ ∈ Σ satisfying σ ⊂ σ ′ , there is a natural semi-group morphism σ ′ → σ that restricts to identity map on σ ⊂ σ ′ and restricts to zero map on σ ′ \ σ, which induces the map h σσ ′ : A σ → A σ ′ . Using {h σσ ′ } σ,σ ′ ∈Σ , we may glue the affine pieces {A σ } σ∈Σ into the singular variety X Σ . We have the following natural canonical (Whitney) stratification
In such a way, Σ determines a singular variety X Σ that is mirror dual to the usual toric variety P Σ in certain sense.
For σ ∈ Σ, the natural injectionσ ֒→ σ over Z induce a cover map p σ : A σ → Aσ and subsequently q σ = hσ σ0 • p σ : A σ → A σ0 = X . It is easy to check that p σ , q σ for σ ∈ Σ glue together to form the maps p Σ :
Recall that a complex torus has a canonical toric holomorphic volume form, and consequently a canonical real toric volume form. Via this toric holomorphic volume form on the complex torus X \ X 0 , the dualizing sheaf K X can be naturally identified with O X (−D). We call π simple when each divisor D i is of multiplicity one under π. Then the Cartier divisor (t) = D, and the dualizing sheaf K X is a line bundle. Proof: Forσ ∈ σ 0 (n), it is straightforward to check that the multiplicity of t along Dσ is |(Span Z σ)/(Span Zσ )|. Consequently, π is simple if and only if for each σ ∈ Σ(n), the natural injectionσ ֒→ σ over Z is bijection (which amounts to that [w σ0 ] is Z-valued on σ) if and only if p σ : A σ → Aσ is an isomorphism for each σ ∈ Σ(n). These local results together imply the proposition.
Proposition 2.2 For a toric degeneration
π : X → B ∼ = C, let d be the small- est positive integer so that d[w σ0 ] is Z-valued. Then the canonical d ′ -fold base extension π ′ : X ′ → B ′
is a simple toric degeneration if and only if d|d ′ .
Proof: It is easy to see that the canonical
] is Z-valued if and only if d|d ′ , by proposition 2.1, we get the desired conclusion.
Remark: Propositions 2.1 and 2.2 are wellknown. (A special case of proposition 2.2, where Σ is simplicial fan, was proved and used in the proof of the semistable reduction theorem in [5] by Mumford and Knudsen.) We provide simple proofs of them here for the convenience of the readers.
Σ(1) can be equivalently interpreted as the set of primitive generating elements of 1-dimensional cones in Σ. The piecewise linear function w σ0 is determined by {w m } m∈Σ(1) , with w m = w σ0 (m) ∈ Q for m ∈ Σ(1). The toric degeneration family can be equivalently characterized by the following family of toric immersions:
We are also interested in generalized toric degenerations, where w m ∈ R are not necessarily rational.
Example: The simplest toric degenerations that are not normal crossing are:
Remark: A priori, the piecewise linear function f generated by {w m } m∈Σ (1) need not be convex. Then we may take the largest convex functionf ≤ f . The piecewise linear convex functionf will be generated by {w m } m∈Σ(1) , whereΣ (1) is a subset of Σ(1). There is a natural projection P :
It is easy to check that P induces an equivalence between the toric degeneration families determined by toric embeddings i t andĩ t = P • i t . Therefore, we only need to consider the case when f is convex. For f generic, the fan it determines is a simplicial fan. Namely the toric divisors are all toric orbifolds.
Toroidal degenerations
A holomorphic degeneration π : X → B = {t ∈ C : |t| < 1} is called a toroidal degeneration if it is locally toric. Let
be the canonical stratification for X 0 , with {D p } p∈Σ parametrizing all the strata and X
denoting the union of all k-dimensional strata. π is called simple if each divisorD p is of multiplicity 1 under π for p ∈ Σ(n). Propositions 2.1 and 2.2 imply the following generalization to toroidal case. 
Proof: Since d
′ -fold base extension is canonical and local, the d > 0 here can be taken to be the lowest common multiple of the d's specified in proposition 2.2 for all local toric models. When d|d ′ , namely π ′ is simple, proposition 2.1 implies that X ′ 0 restricted to each local toric model can be identified with X Σ in proposition 2.1, therefore is canonical and independent of d ′ .
Through proposition 2.3, all discussions for toroidal degeneration can be reduced to discussions for simple toroidal degeneration via base extension. For this reason, we will always assume that π is simple. Consequently, the dualizing sheaf K X is a line bundle. For generic such degeneration π, the Weil divisors D p for p ∈ Σ(n) are toroidal orbifolds. Without loss of generality and for simplicity of notations, we will also assume that eachD p does not self-intersect.
Choose a suitable tubular neighborhoodŨ p ofD p for each p ∈ Σ such that for any p 1 , p 2 ∈ Σ, we haveŨ
For each p ∈ Σ, we can construct a tubular neighborhood U p of D p asŨ p minus the union of divisorsD q for q ∈ Σ(n) satisfying D p ⊂D q . We will also need U 0 p ⊂ U p defined asŨ p minus the union of (slightly shrunk)
forms a neighborhood of X 0 that contains X t for t small, many of our discussions on X t can be reduced locally to either U p ∩ X t or U 0 p ∩ X t for p ∈ Σ. Notice that for any p 1 , p 2 ∈ Σ, we also have
A p is a neighborhood of the origin of the affine toric local model determined by the fan Σ p and the integral convex function {w m } m∈Σp(1) (notation as in 2.1). Let |p| := dim D p and l = n − |p|. Σ p (l) (which can be naturally identified with a subset of Σ(n)) corresponds to toroidal Weil divisors 
) can be characterized as the set of Cartier divisors onŨ p whose defining functions are not identically zero (resp. nowhere zero) on X 0 ∩ U p .
A (holomorphic) volume form on U p \ D is called toroidal if its pullback to the local toric model differ from the standard toric (holomorphic) volume form by a bounded nowhere zero (holomorphic) factor on U p . By examining the holomorphic toric volume form, it is easy to see that a holomorphic toroidal volume form on X \ D can be naturally identified with a nowhere zero holomorphic section of K X (D), or in another word, a meromorphic section of K X with a pole of order 1 along D.
Partition functions
Let µ(x) be a smooth increasing function on R with bounded derivatives satisfying µ(x) = 0 for x ≤ 0 and µ(x) = 1 for x ≥ 1. Let min ′ (x 1 , · · · , x l ) be a smooth function with bounded derivatives that coincides with min(
For each p ∈ Σ and η > 0 large, we may define the smooth functioñ
where τ = − log |t| 2 and a m = η − log s m . We generally have
3 Construction of the background metric
For construction in this section to work, it is necessary to assume that the dualizing line bundle K X of the total space X exists and is ample, which is valid in our situation. (The construction in this section is partially inspired by our work ( [7] ) on Bergmann metrics.) Recall that 
will determine a family of embedding e t : X t → CP Nm such that e t = e| Xt . Choose the Fubini-Study metric ω F S on CP Nm , and define
Since K m X is very ample on X ,ω is a smooth metric on X . The Kähler potential ofω andω t are the logarithm of the volume formŝ
Since K m X is ample and therefore base point free,V is a non-degenerate smooth volume form on X . Recall (t) = D. HenceV |t| 2 is a toroidal volume form on X .
On the other hand, dt t is the standard toric holomorphic form on B. Therefore,
Xt is also toroidal, namelŷ
under the coordinate (z,z) for X t ∩ U p , where ρ(t, z,z) ∼ 1 is a smooth positive function on U p . 
Construction of the approximate metric
The approximate metric is constructed by gluing together appropriate metrics on the neighborhood of each strata by the partition functions constructed in 2.3.
On X t , let V t = hV t , where log h = p∈Σ µ p log h p , and let
where
The main result of this section is the estimate (Proposition 4.5 and Proposition 4.6) on the approximate Kähler metric g t with the Kähler form ω t on X t .
Since Σ p is a simplicial fan, σ ∈ Σ p (l) naturally corresponds to a subset S σ ⊂ Σ p (1) with l elements. 
We may take λ 2 to be the maximum of such (w m + m ′ ∈Sσ b m ′ w m ′ ).
Take a subset S ′ ⊂ S such that S ′ span a simplicial cone and S ′ ⊂ S σ for any We may take λ 1 > 0 to be small so that λ 3 + Cλ 1 < 0. Then |s m ′ | 2 has to be big, contradicting the fact that |s m ′ | 2 is small in U p . Therefore, S ⊂ S σ for some σ ∈ Σ p (l). 
Proof: In the argument of this paper, we will always first fix η > 0 large and then take τ large according to the fixed η. By our construction, a m ≥ η is large. Hence
For any x ∈ X t , there exist a q ∈ Σ such that x ∈ X t ∩ U 0 q . Since
We have
3), we may consider only those p ∈ Σ satisfying D q ⊂D p . Then there are the natural inclusions 
From the explicit expressions of µ p and h p , it is straightforward to check that ∂∂µ p = O(1/ log τ ), ∂ log h p = O(1) and ∂µ p = O(1/ log τ ) with respect to the Hermitian metricω t + α t . (Such kind of verification is more carefully done in the proof of proposition 4.4 using (4.1).)
Then the proposition 4.1 implies that A σ (x) ≥ λ 1 τ > 0 for x ∈ U 0 pσ and . It is easy to see that this coordinate z is a special case of the toroidal coordinate z defined in section 2. Let
Proposition 4.2 For t small enough, we have
pσ . Therefore ω t ∼ω t + α t ∼ω t + α t,pσ according to lemma 4.1. Since α l+1 t,pσ = 0. In X t ∩ U 0 pσ , we have
According to formula (3.1),
Notice that V t = hV t is the Kähler potential of ω t . Assume
Proposition 4.4 |φ t | is bounded independent of t.
Proof: According to proposition 4.2, it is sufficient to verify in each U 0 pσ ∩ X t for p ∈ Σ and σ ∈ Σ p (l). Proposition 4.3 implies that
Therefore |φ t | is bounded independent of t.
Let g t denote the Kähler metric corresponding to the Kähler form ω t , then we have Proposition 4.5 The curvature of g t and its derivatives are all uniformly bounded with respect to t.
Proof: On a Riemannian manifold (M, g), we call a basis {v i } proper if the corresponding metric matrix satisfies
To verify that the curvature of the Riemannian metric g and all its covariant derivatives are bounded, it is sufficient to find a proper basis {v i } satisfying that the coefficients of [v i , v j ] with respect to the basis {v i } and all their derivatives with respect to {v i } are bounded, such that g ij and all their derivatives with respect to {v i } are bounded.
According to proposition 4.2, it is sufficient to verify in each U
According to proposition 4.3, it is straightforward to check that the basis
where (g ij ) denotes the metric matrix with respect to the basis {W j ,W j } n j=1 . (For the upper bound estimate, we need a mj a m to be bounded for 1 ≤ j ≤ l and m ∈ Σ I (1) \ S i , which is due to our restriction to U 0 pσ .)
The functions , log t) and P (a mj ) is a polynomial on a mj . Above computations imply that the derivatives of functions in (4.1) with respect to {W j ,W j } n j=1 are smooth functions of terms in (4.1) and other smooth bounded terms. Therefore they are bounded.
It is straightforward to check that g ij and the coefficients of [
are all smooth functions of terms in (4.1) and other bounded smooth terms. Consequently, any derivatives of theirs with respect to {W j ,W j } n j=1 are also smooth functions of terms in (4.1) and other bounded terms, therefore, are all bounded. Proposition 4.6 For any k, φ t C k ,gt is uniformly bounded with respect to t.
Proof: Similar as in the proof of the previous proposition, in U 0 pσ ∩ X t , it is straightforward to check according to proposition 4.4 and the explicit expression of φ t that φ t is a bounded smooth function of terms in (4.1) and other smooth bounded terms. Consequently, all multi-derivatives of φ t with respect to {W j ,W j } n j=1 are smooth functions of terms in (4.1) and other smooth bounded terms. Therefore they are bounded.
Construction of Kähler-Einstein metric via complex Monge-Ampère
In this section, we will use the same notions as in the previous sections. In [9] , using the Monge-Ampère estimate of Aubin and Yau, Tian essentially proved the following. It is easy to see that our construction actually implies the following asymptotic description of the family of Kähler-Einstein metrics.
Theorem 5.2 Kähler-Einstein metric g E,t on X t is uniformly quasi-isometric to the explicit approximate metric g t . More precisely, there exist constants
Proof: The uniform C 0 -estimate of the complex Monge-Ampère equations implies that C 1 ω n t ≤ ω n E,t ≤ C 2 ω n t for some C 1 , C 2 > 0. The uniform C 2 -estimate of the complex Monge-Ampère equations implies that Tr gt g E,t is uniformly bounded from above. Combining these two estimates, we get our conclusion.
Weil-Peterson metric near degeneration
In this section, we will start with the discussion of the toric case, which is of independent interest and the estimate is more precise. Then we will proceed to the global toroidal case.
the toric case
Note: The notations in this subsection are the same as in subsection 2.1. Unless specified otherwise, the notations in this section will not be carried over to other parts of this paper.
Example: Consider a toric degeneration π : X → B ∼ = C determined by a complete fan Σ in M and an integral piecewise linear convex function determined by {w m } m∈Σ (1) . For i ∈ Σ(n) assume w m = 0 for m ∈ S i and w m > 0 for m ∈ Σ(1) \ S i . With S i = {m 1 , · · · , m n } and toric coordinate z j = s mj for 1 ≤ j ≤ n, we have
then∂W | Xt is a natural representative of Kodaira-Spencer deformation class in the Dolbeaut cohomology H 1 (T Xt ). W can also be determined by the conditions π * W = t d dt and i(W )ω| Xt = 0 for all t. Let a j = log |z j | 2 and a m = log |s m | 2 for m ∈ Σ(1) \ S i . We will use ρ = 1 + O(a j /a m ) to denote a bounded smooth function on a j /a m for 1
.) It is straightforward to derive that
For ω t and W as in the previous example, we have
Proof: We may compute the volume of X t ∩ U i,η .
It is straightforward to compute We may take C i,η = 4η n j=1 B j for the proposition to hold. ∂W also represents the Kodaira-Spencer deformation class. We have , where β j = dzj aj zj , a j = log |z j | 2 for 1 ≤ j ≤ l and β i = dz i for l + 1 ≤ j ≤ n. Recall that O(1) denotes a smooth function on terms in (4.1) and other smooth bounded terms. (Notice that here we assume a m = log |s m | 2 , which is slightly different from (4.1) and do not affect our arguments here. In this proof, we are using a j to denote a mj and O(a j /a m ) as a shorthand for O(a j /a m , 1 ≤ j ≤ n, m ∈ Σ q (1) \ S σ ).) We will also use O(1) to denote a tensor with O(1) coefficients with respect to the proper and dual proper basis. It is easy to see that the action of the proper basis {W j ,W j } It is straightforward to derive that
the toroidal case

